We present a simple experiment, specifically designed for students of undergraduate optics courses, where the influence of an aperture stop position on the three-dimensional structure of the focal volume of focusing systems is studied. The experiment, which involves only simple optical elements, permits an undergraduate student to generate different focal structures by simply axially displacing the aperture stop.
Introduction
The analysis of the structure of the light distribution near the focus of an apertured monochromatic converging spherical wave is an important part of any programme for undergraduate courses on optical diffraction theory [1] [2] [3] [4] [5] . Besides, over the past few years, many papers have been devoted to the study of this phenomenon [6] [7] [8] [9] [10] [11] [12] [13] . The main outcome of this research is that the structure of the focused field explicitly depends on the Fresnel number of the focusing geometry. Specifically, when the value for the Fresnel number is very high the field is symmetrical around the focal point, as predicted by Lommel's theory [1] . However, for decreasing values of the Fresnel number the symmetry around the focus disappears and the point of maximum irradiance moves from its coincidence with the geometrical focus towards the centre of the aperture.
Fewer publications have been devoted to the case of the focal field structure generated when an aperture stop is placed in front of a converging spherical lens. This geometry was discussed by Wenzel [14] , who considered only the on-axis irradiance distribution, and also in [15] and in the excellent paper by Sheppard and Török [16] , where the treatment is generalized to include the irradiance at off-axis points. As we show in this paper, the latter is a much more interesting and general situation, since in most real focusing setups, such as microscope objectives, the aperture stop does not coincide with the principal plane of the system. In this case the lens forms the image of the aperture stop (the exit pupil), which acts as the effective aperture stop of the system. When, for example, the aperture is at the front focal plane (FFP) of the lens, the exit pupil is at infinity, which implies that the Fresnel number in the image space is infinite. Then, the obtained focal field is symmetric around the back focal (BF) plane. If, in contrast the stop is moved far from the lens FFP, the exit pupil is at a finite distance from the lens and, then, the symmetry is broken.
Summarizing, this paper is dedicated to the study of the structure of the focal volume generated when an aperture stop placed in front of a lens is normally illuminated by a monochromatic plane wave. Specifically, it will be shown that by simply axially displacing the aperture, one can continuously modify the structure of the irradiance distribution in the focal volume. Moreover, we give an experimental technique that permits a student to easily generate and analyse a 'tunable' focal volume. The experiments we describe involve only simple optical components that would be readily available in any undergraduate laboratory.
Basic theory
Let us consider an optical system in which a circular aperture with amplitude transmittance Circ(r 0 /r max ) 4 , under monochromatic plane-wave illumination, is imaged by an ideally unlimited thin lens of focal length f , as schematized in figure 1 . It is easy to find that the complex amplitude of the scalar field at the so-called image plane is given by [2] 
where M stands for the absolute value of the transverse magnification of the lens. Equation (1) indicates that at this plane we find a scaled version of the aperture, the exit pupil, multiplied by the quadratic approximation of the amplitude distribution of a spherical wave with its focus at F . From this scalar amplitude, and by using the Fresnel diffraction formula [2] , it is straightforward to obtain the expression for the amplitude distribution in the neighborhood of the BF point. The expression reads:
In equation (2) J 0 denotes the Bessel function of the first kind and zero order. Besides, r max and Mr max represent the maximum radial extent of the aperture stop and of its geometrical image, respectively. Now we perform the following geometrical mapping
Then equation (2) can be rewritten, apart from a constant factor and a quadratic phase factor, as
where the axial and transverse positions are specified through the non-dimensional variables
respectively. In these equations we have introduced the normalized distances
max /λf represents the Fresnel number of the system, as defined by Li and Wolf [13] .
Finally, since our aim in this paper is to analyse the structure of the 3D irradiance distribution, we write
where I 0 = |U(0, 0)| 2 . Now the following features about the 3D-field structure can be summarized: (1) When the diffracting screen is just placed in the lens FFP (µ N = 0), the factor external to the Hankel transform in equation (7) reduces to unity and, moreover, the variables u and v are proportional to z N and r N , respectively. Thus the 3D irradiance distribution is symmetric about the BF point of the lens. Moreover, the scale of the 3D pattern is proportional to 1/N L both in the transverse and axial directions.
To show the appearance of the 3D irradiance distribution corresponding to this case, in figure 2 we have plotted the contours of constant irradiance in the meridian plane. Note that this plot is simply a scaled version of that classically reported by Born and Wolf [1] , which corresponds to the one predicted by the Debye representation of the focal field.
(2) When the diffracting screen is moved far from the FFP of the lens (µ N = 0), the relations between u and v and the actual spatial coordinates are no longer linear. The relations are
and
From these nonlinear transformations it is clear that the transverse patterns corresponding to the same modulus of u but with a different sign, have a different scale and that their positions are no longer symmetrical about the focus.
In addition to the break in symmetry due to the nonlinear coordinate transformation, we should take into account the second factor in equation (7). This factor, is responsible for the axial displacements of the local maxima and, hence, of the point of maximum irradiance. This is the so-called focal shift effect [9] .
Specifically, when the diffracting screen is shifted towards the lens, the parameter µ N takes negative values. This fact implies that in the image space the virtual geometrical image of the screen is obtained, but it is illuminated by a converging spherical wave. As is apparent from equations (8) and (9), the focal field is now compressed axially and laterally in the z N < 0 region and expanded in the z N > 0 region. Then, any transverse pattern (defined by the value u) is axially displaced and transversely scaled by the factor
On the other hand, due to the influence of the external factor, the focal point of the maximum irradiance shifts towards the lens.
An example of this situation is shown in figure 3 in which we plot the contours of constant irradiance for the case of a circular stop with a negative value for µ N . Note from this figure that, as can be easily deduced from equation (6) , the lines of constant value for v are straight lines passing through the axial point of the imaged aperture and the field in the focal volume has a conical structure (in the case of µ N = 0 the field has a cylindrical structure). The vertex of the cone is just at the axial point of the image plane.
If we next pay attention to the case of µ N > 0, then we obtain the real geometrical image of the diffracting screen in the image space of the lens, but illuminated by a diverging spherical wave of focal length µ (this is just the situation drawn in figure 1 ). In this case, the structure of the focal volume is similar to the one for µ N < 0 but reversed, as we can see in figure 4 , where we have considered the same setup as in figure 3 but with different sign for µ N . Note that now the maximum of the 3D irradiance distribution is displaced further away from the lens.
Proposed experiment
We present a simple experiment by which undergraduate students of physics courses can analyse the influence of the aperture-stop position on the structure of the focal volume. In our scheme, we focus our attention on the transverse diffraction patterns with a dark spot at their centre. Thus, the scheme uses a null, rather than a maximum, in the axial irradiance distribution in order to make the patterns position more accurately measured.
For the case of a circular aperture, the axial irradiance distribution is given by (see equation (7))
If we perform now the geometrical mapping ζ = ρ 2 , equation (11) can be rewritten as
where the function rect(x) = 1 for x ∈ [− finally obtain
Since sinc(x) is maximum at x = 0, and null at x = m, with m an integer, the positions of the axial dark spots are given by u min = 4πm (see figure 5 ).
For our experiment we used a 5 mW He-Ne laser (λ = 632.8 nm). The He-Ne laser beam is expanded using a microscope objective and a lens of weaker convergence (f = 380 mm). Then the collimated beam normally illuminates a circular aperture of radius r max = 1.525 mm that is placed in front of a converging spherical lens of focal length f = 300 mm. Note that the value for the parameter N L = 12.25.
Initially, the student can hold a low power microscope, mounted on a carrier with an axial micrometric translation stage. In this case it is advisable to use neutral filters after the laser source in order to make direct observation safer. Then, one can clearly observe the structure of the irradiance at the focal region, and determine the position of the transverse patterns with a central dark spot. For a more detailed study, a CCD camera (Pulnix TM-765E), with pixel size 11 µm × 11 µm, and a computer, provided with a frame grabber and the necessary software to acquire images, were used to capture the beam profile at various axial distances.
Since we worked with a 2 m optical rail, there was a twofold limit on the aperture sizes that we could use. If the radius of the aperture is too large, then the focal spot is too little and the CCD cannot resolve it. If, in contrast, the radius is small, then the axial extent of the 3D pattern is too long and, therefore, due to the limited length of the optical rail, the image of the third axial null cannot be acquired. Because of that we selected the radius r max = 1.525 mm. With this radius, the diameter of the central lobe of the focal spot is about 14 pixels of the CCD, and the third axial null is still within the optical rail.
With this setup we performed two experiments. In the first experiment, we set the circular aperture at the lens FFP (µ N = 0). In this case the position of the patterns with a central dark spot are symmetrical about the lens BF plane. The axial positions of these planes are z N = 2m/N L , with m = 0. The pictures of the transverse patterns at the lens BF plane and the planes corresponding to the first three axial minima taken with our setup are shown in figure 6(a). As seen in this figure, the irradiance patterns corresponding to the same value of m, In the second experiment, we displaced the circular aperture towards the lens up to µ N = −0.853. In this case an appreciable break in field symmetry is expected. The axial positions of the planes with a central dark spot are given by z N = 2n/(N L + 2nµ N ).
In figure 6 (b) we show the pictures obtained with our experimental setup corresponding to the same transverse patterns as in figure 6(a) . From this figure, it is apparent that the patterns are axially and laterally compressed in the z N < 0 region, and expanded in the z N > 0 region, i.e. the focal volume is compressed towards the lens, and expanded further away from it. To get a better insight into the structure of the focused field for this case observe figure 3, which was calculated precisely for N L = 12.25 and µ N = −0.853.
Conclusions
We present a quite simple technique by which an undergraduate student of physics may, by placing an aperture stop at different axial distances from the FFP of a thin lens, study the structure of the irradiance distribution near the focus in systems with different Fresnel numbers. Specifically, our experiment permits the student to verify that when µ N = 0 the 3D irradiance distribution is symmetric about the BF point of the lens. In contrast, displacing the stop from the lens FFP, gives rise to a non-symmetrical focal volume in which the axial position and scale of transverse irradiance patterns are modified by a factor that directly depends on the distance µ N .
It is noticeable that most real focusing elements, such as microscope objectives, incorporate a circular diaphragm as aperture stop. The position of the stop is such that the field of view is optimized and the effect of aberrations reduced. Then the stop does not coincide with the principal plane of the system. Nevertheless, the stop position does not influence the numerical aperture of the system, and hence neither does the transverse resolution (for fixed values for r max and λ the numerical aperture is proportional to N L ). However, as we have shown, the axial position of the stop, µ N , strongly influences the structure of the axial irradiance distribution. Note that it is commonly assumed that the features of the focusing elements are completely determined by their numerical aperture. However, no attention is paid to the value of µ N . Therefore, we estimate that our paper helps clarify this misunderstanding and that, apart from its educational aim, it could be very useful in the study of some, recently developed, optical techniques, such as confocal microscopy or far-field profilometry, in which the profile of the axial irradiance distribution is a matter of high interest.
